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Abstract 
In normal Wistar rats, we have found that the voiding of the bladder has a synergic cooperation between the 
detrusor and the sphincter. On the contrary, the suprasacral spinal cord injured (SCI) rats usually exhibit dyssynergic 
contractions of the bladder and the external urethral sphincter (EUS). In this study, the cystometrograms (CMG) of the 
detrusor and the electromyograms (EMG) of the EUS of intact and SCI female Wistar rats are used to investigate the 
eigenmodes of synergic cooperation during micturition via Karhunen-Loève expansion (KLE). Here we show that the 
three different phases of urination of intact rats: initial, bursting and relaxation phase, have different number of 
eigenmodes. The SCI rats are also investigated with the KLE method. Results have indicated that our understanding of 
micturition mechanism of Wistar rats can be mightily improved. 
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Introduction 
Most urologists used to think that the external urethral 
sphincter (EUS) is active and the bladder is quiescent in urine 
storing stage, which can be seen from the electromyogram 
(EMG) and cystometrogram (CMG), respectively. Moreover, 
in many species, such as humans and cats, the bladder is active 
and the EUS is relaxed during the voiding stage [1-2]. The 
general perception is that the detrusor and the EUS should not 
be active simultaneously. This is a deep-rooted paradigm in 
urology in the past. 
Recently, we have concentrated on the micturition reflex 
of Wistar rats in order to understand its mechanism. Based on 
the animal models, our work has indicated that the EUS 
EMG’s for both cold-water-stimulated and SCI rats have 
different bursting patterns instead of tonic activity during 
micturition[4]. Furthermore, the proposed method works well 
in identifying the dyssnyergia of the bladder and EUS under 
cold-water stimulation. In order to further investigate the fine 
details of micturition, the fractal dimensions of EMG and 
CMG signals, which are modeled as fractional Brownian 
motion and fractional Gaussian noise respectively, are used as 
indices of synergia and dyssynergia of intact and SCI rats [5], 
[11-12]. Results have indicated that, for intact rats, the EUS is 
not only active but also recruited in a synchronous fashion 
with the bladder during micturition. The next logical question 
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to be asked is what kind of eigenmodes is solicited in this 
synchronous behavior. This is the key issue that we will 
address in this paper. 
As a brief introduction to the typical EUS EMG and 
CMG signals, the time series for an intact rat are shown in Fig. 
1a and Fig. 1b, respectively. Generally speaking, they can be 
divided into three phases as stated in [3]. Initially, the EMG 
signal, before the voiding stage, looks like random noise. In 
this phase, the EUS is in a low-level activity, corresponding to 
the bladder’s filling phase as can be seen from the 
corresponding CMG. However, as the filling process comes to 
an end, the time series exhibits more violent fluctuations 
during micturition. This is possibly due to the firing of motor 
unit action potentials of the sphincter. Meanwhile the CMG 
rises sharply and fluctuates in small amplitude as it goes 
downward. Afterwards, the EMG and CMG signals of 
sphincter and detrusor return to normal in a relaxed fashion 
and prepare themselves for the next voiding motion. 
In order to analyze such data, especially the eigenmodes 
in the signals, the Karhunen-Loève expansion (KLE), is 
invoked to decompose the time series into linearly independent 
eigenmodes. The usual purposes for doing the expansion are 
either for data compression or component analysis. In 
analyzing the entire course of micturition, the KLE can help us 
with the analysis of embedding dimension and synchronization 
processes. 
 
Materials and Methods 
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Animal Studies 
Intact and spinalized female Wistar rats are used in our 
experiments. After removing the dorsal T  vertebral 
bone, the operation of spinal transection was performed. 
Details of this operation can be found in [3]. Rats with 
suprasacral spinal cord transection are designated as “SCI” rats. 
A female Wistar rat was anesthetized with urethane and then 
her respiration was facilitated by cannulalting in the trachea. 
The arterial blood pressure was monitored through a pressure 
transducer jointed to a cannula in her carotid artery. A middle 
abdominal incision was performed to expose the bladder and 
the rostral half of the pubic symphysis was removed to expose 
the middle urethra and EUS. Then, a neuromuscular blocking 
agent was used to restrain EUS activity for showing that the 
EUS EMG was attributed to striated muscle since the activity 
was eliminated after neuromuscular blockade. Afterwards, the 
EUS muscle fiber on the lateral sides of midurethra was 
identified and two insulated silver wire electrodes with tip on it 
were inserted. The saline solution was infused with a rate of 
0.123 ml/min at room temperature. The EUS EMG as well as 
CMG were displayed on a storage oscilloscope and recorded. 
The signals were then sampled at the rate 500 points/s of EUS 
EMG and CMG through the MP100WSW system. The data 
were classified into two types: normal and spinal cord injured 
rats. 
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Embedding Theorem, Wold’s Decomposition and 
Karhunen-Loève Expansion 
Signals can generally be classified into two types: 
deterministic and random. A deterministic signal is one that 
can be regained by repeated measurements and predicted with 
little or no error in terms of its previous values or according to 
some rules that govern it as long as the prediction is not 
long-term. On the contrary, a random signal, or random 
process, is one that is not repeatable if we repeat the 
measurements and cannot be predicted without any error. 
In this paper, Wold’s decomposition is first used to 
decompose the physiological signals into singular and regular 
parts. The Wold’s decomposition theorem is stated as follows: 
A real discrete time stochastic process with wide sense 
stationarity can be written as a sum  where 
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uncorrelated with the singular part  which is predictable 
from its own past with zero variance of prediction error [7]. 
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As for the KLE, let us first consider the following 
continuous time signal{ . Let it be a quadratic 
mean continuous second-order process with covariance 
function . If are the complete 
orthonormal eigenmodes satisfying 
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uniformly for t . The convergence is in quadratic mean 
sense and { will satisfy 
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and . Note that the mean square error of equation 
(2) is 
mnmnZEZ δ=
2
1 )(),( tttR n
N
n n φλ∑ =−                         (4) 
which goes to zero as [8]. ∞→N
  It is known that in a physical or biological system, one can 
reconstruct the system’s dynamical behavior via the time-lag 
embedding. Takens has put this methodology on a firm 
mathematical footing [9]. To construct the high dimensional 
dynamics, the time series can be embedded by 
( ).))1((,),2(),(),()( hptXhtXhtXtXtX −−⋅⋅⋅−−=   (5) 
The space where )(tX
p
is contained is called the embedding 
space and its dimension p the embedding dimension and h the 
embedding lag. This technique will enable us to represent a 
measured time series as a sequence of p-dimensional vectors. 
The reconstructed dynamics is geometrically similar to the 
original one for both continuous-time and discrete-time 
systems. Takens have also proved that if the original attractor 
has dimension d, then dimension will be sufficient 
to guarantee the embedding even though a lower dimension 
will also work sometimes. 
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Data Analysis 
One complete bladder contraction in our case is 
approximately 15000 points for intact rats and 22000 for SCI 
rats, respectively. The raw data of micturition signals, both 
EMG and differenced CMG, were first decomposed into 
regular and singular parts by Levinson’s recursion algorithm 
based on Wold’s decomposition theorem [10]. The detailed 
steps can be found in [10]. Then, KLE was performed for each 
sliding window as follows: for each window there were 2,000 
points and after the calculation, the window was shifted 100 
points to perform a new KLE. 
In equation (5), p was chosen large enough, say 100, and 
h to be 1. Then, a delay matrix: 
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was constructed 
where “t” referred to the transpose of a vector or a matrix. We 
defined the matrixΞ = MM t
MΞ
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as the covariance matrix. The 
next step was to diagonalize the covariance matrix, which 
corresponded to performing equation (1) in continuous time 
case. Since is positive definite, it can be written as 
= ΨΣ where is an orthonormal matrix, i.e. = 
identity matrix, and is a diagonal matrix. Note that 
= . Now, equation (3) was performed by 
letting
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. It is 
easy to verify that and it can be written as 
The eigenvalues { of are then 
sorted in the following order: . Notice that 
if the signal was polluted with noise, i.e., ,  
=ΨMΞΨ= tΞ N
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Figure 1. One complete contraction of an intact rat. (a) The time series    
of EUS EMG. (b) The time series of CMG. (c) The number 
of significant eigenmodes of EUS EMG. (d) The number of 
significant eigenmodes of differenced CMG. (e) The number 
of significant eigenmodes of the regular part of EUS EMG. 
(f) The number of significant eigenmodes of the regular part 
of differenced CMG. (g) The number of significant 
eigenmodes of the singular part of EUS EMG. (h) The 
number of significant eigenmodes of the singular part of 
differenced CMG. (i) The number of significant eigenmodes 
of the covariance function of EUS EMG. (j) The number of 
significant eigenmodes of the covariance function of 
differenced CMG. 
 
the covariance matrix for this time series could be written as 
, where IwMM
2~ σ+Ξ=Ξ I  is the identity matrix and  
the variance of noise. Thus in this case, the eigenvalues of 
are shifted uniformly to , for all j. 
2
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After performing KLE on the original, singular and 
regular signal data, we then calculated the covariance 
functions of each window for the original data set. The 
covariance function itself is a deterministic function and it can 
also be embedded to understand its dynamical behavior. The 
significant eigenvalues of the eigenmodes obtained from KLE 
were determined by setting a threshold “s” in the mean square 
error function of equation (4). That is, we say are 
significant to equation (4) if the time average error function 
satisfying 
22
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paper, the error threshold was selected as 0.1. This value is 
usually hard to determine and it is chosen depending on the 
quality of the data in order to get the significant eigenvalues. 
Thus, another more stringent ratio threshold will be used to 
determine the number of significant eigenvalues as follows: 
are significant if 221 ,, kσσ ⋅⋅⋅ ≤2
2
1
kσ
σ ratio threshold for 
.  In this paper, the stringent ratio threshold was 
selected as 5. Generally speaking, the number of significant 
eigenmodes determined by the first method will reflect the 
approximate overall degrees of freedom of the dynamics 
contained in the processed time series. The second method of 
significant eignemodes determined by a stringent ratio 
threshold may reflect the degrees of freedom of the dynamics 
of the approximate deterministic part of the processed time 
series, which can be seen from the concept of signal to noise 
ratio [6]. 
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Results 
The dynamical behavior of complete contractions of the 
different intact and SCI rats are observed. In Fig. 1, from top 
down, the time series of EUS EMG and CMG, the number of 
significant eigenmodes for original, regular part, singular part 
and the covariance functions of each original time series are 
shown. Note that the data associated with the EMG are in the 
left column and the CMG in the right column. Fig. 1d, f, h, j 
have been obtained by using differenced CMG signal. In Fig. 
1c, the index from 1 to 24 corresponds to the original sample 
points from 1 to 4400. This period is corresponding to the 
so-called the phase of storage. The index from 66 to 130 
corresponds to the original sample points from 6600 to 15000. 
This period is the so-called relaxation phase. Finally, the 
period between storage and relaxation phases is called the 
voiding phase. Based on the number of the significant 
eigenmodes obtained by using error threshold test, the overall 
degrees of freedom in storage phase of the dynamics of the 
EUS EMG are similar to the relaxation phase. But for the 
voiding phase, the overall degrees of freedom in this period are 
smaller. This is because the medium eigenvalues in voiding 
phase have stronger impact than the ones in the storage and 
relaxation phase. It is usually difficult to distinguish between 
the storage and relaxation phase from its waveforms. But if we 
use the stringent ratio threshold test, the storage phase is quite 
different from the relaxation phase. As we can see in the Fig. 
1c, there are more significant eigenmodes in the region of 
window index from 80 to 115, which indicates some activities 
more complex than storage phase are presenting this time. It is 
worthwhile to note that during the transition states of indices 
24~30, and 60~66, the ratio threshold test detects this 
phenomenon well. On the other hand, as we can see from Fig. 
1d, the situations for differenced CMG are similar. In the next 
four figures, the error threshold test shows that the overall 
degrees of the whole micturition procedure are uniformly 
lower than the original data and the shapes are similar. In the 
stringent ratio threshold test, the shapes in e, f, g, h are 
different from the original one in Fig. 1c, d. This behavior may 
be ascribed to the fact that the deterministic dynamics for 
regular and singular parts are different from the original EUS 
EMG. Finally, the overall degrees of freedom of the covariance 
function in Fig. 1i and 1j are different from those of the 
previous waveforms. A covariance function of a time series 
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Figure 2. One non-voiding contraction of an SCI rat. (a) The time     
series of EUS EMG. (b) The time series of CMG. (c) The 
number of significant eigenmodes of EUS EMG. (d) The 
number of significant eigenmodes of differenced CMG. (e) 
The number of significant eigenmodes of the regular part of 
EUS EMG. (f) The number of significant eigenmodes of the 
regular part of differenced CMG. (g) The number of 
significant eigenmodes of the singular part of EUS EMG. (h) 
The number of significant eigenmodes of the singular part of 
differenced CMG. (i) The number of significant eigenmodes 
of the covariance function of EUS EMG. (j) The number of 
significant eigenmodes of the covariance function of 
differenced CMG. 
 
represents its ensemble time difference behavior. This is a 
different way to describe the dynamics of a time series. 
Therefore, the covariance function need not have the same 
dynamics with its sample path but the degrees of freedom of 
the covariance function might be similar to the original one. 
On the other hand, the stringent ratio threshold test for the 
covariance function shows that over the whole micturition 
process the eigenmodes are almost the same except the 
transition stages. 
For SCI rats, situations are more complex. There are 
several different types of contractions displayed, including 
non-voiding contractions as shown in Fig. 2, and voiding 
contractions with different pathological conditions as shown in 
Figs. 3 and 4. In Fig. 2a, b, when the pressure of the bladder 
increased, the activities of the EUS EMG became violent. 
From the viewpoint of the overall degrees of freedom of EUS 
EMG, the level of voiding phase did not show any apparent 
Figure 3. One complete contraction of an SCI rat. (a) The time series 
of EUS EMG. (b) The time series of CMG. (c) The number 
of significant eigenmodes of EUS EMG. (d) The number of 
significant eigenmodes of differenced CMG. (e) The number 
of significant eigenmodes of the regular part of EUS EMG. 
(f) The number of significant eigenmodes of the regular part 
of differenced CMG. (g) The number of significant 
eigenmodes of the singular part of EUS EMG. (h) The 
number of significant eigenmodes of the singular part of 
differenced CMG. (i) The number of significant eigenmodes 
of the covariance function of EUS EMG. (j) The number of 
significant eigenmodes of the covariance function of 
differenced CMG. 
 
decrease. On the contrary, it increases a little more compared 
to its storage and relaxation phases. The stringent ratio 
threshold test has a total different scenario. The prominent 
behavior in this voiding phase of the EUS EMG seems to 
disappear. In Fig. 2d, the results of error threshold and 
stringent ratio threshold tests all seem the same. The lack of 
apparent state transition in CMG signifies its non-voiding 
pathological condition. For the covariance functions, the 
overall degrees of freedom of EUS EMG and CMG are similar 
to the dyssynergic behavior, respectively. 
The results of the next voiding SCI rats are shown in Fig. 
3. The situation is even more complex. According to the 
stringent ratio threshold test, the state transition happens in the 
storage phase. As the bursting begins, the dynamical behavior 
of EUS EMG is in disorder as can be seen from the high 
degrees of freedom. Meanwhile, the detrusor is also active to 
void. However, the violent fluctuations of the eigenmodes  
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Figure 4. Another complete contraction of an SCI rat. (a) The time  
series of EUS EMG. (b) The time series of CMG. (c) The 
number of significant eigenmodes of EUS EMG. (d) The 
number of significant eigenmodes of differenced CMG. (e) 
The number of significant eigenmodes of the regular part of 
EUS EMG. (f) The number of significant eigenmodes of the 
regular part of differenced CMG. (g) The number of 
significant eigenmodes of the singular part of EUS EMG. (h) 
The number of significant eigenmodes of the singular part of 
differenced CMG. (i) The number of significant eigenmodes 
of the covariance function of EUS EMG. (j) The number of 
significant eigenmodes of the covariance function of 
differenced CMG. 
 
indicate that the voiding is not in synchrony and the voiding is 
definitely not very efficient. Finally, after voiding, the degrees 
of freedom during relaxation of the EUS EMG and CMG 
decreased. The overall degrees of freedom for the covariance 
functions of the EUS EMG and CMG are similar to the ratio 
threshold tests of the original data. The results of the next 
pathological SCI rat with voiding are presented in Fig. 4. From 
the stringent ratio threshold tests in Fig. 4c, d, the significant 
differences from the normal ones are its voiding and relaxation 
phases. The degrees of freedom of the dynamics of the EUS 
EMG in voiding phase are high. But after the voiding, the EUS 
seems still tense for a long time even though the bladder 
pressure is getting down as it is compared with Fig. 1c. 
Discussion 
First, as indicated in our previous work, the fractal 
dimension, in average, for the EUS EMG of an intact rat in 
voiding phase is about 1.27 and 1.35 for CMG. These values 
represent the positive correlation of the signals. The meaning 
of the positive correlation can also be thought that the muscle 
cells of sphincter and detrusor depolarize and repolarize 
synchronously to enable the cells work synergistically to 
facilitate voiding. But in initial and relaxation phase, the 
fractal dimension is fluctuating around 1.6, which means the 
negative correlation of the signal. Secondly, from the point of 
view of KLE test using stringent ratio threshold, which is a 
good tool to tell us the approximately deterministic dynamical 
behavior, the number of the significant eigenmodes in voiding 
phase is about 10 for both the EUS EMG and CMG (Fig. 1c, 
d). This phenomenon can be interpreted as that the 
synchronous activities of the EUS muscle cells and the smooth 
muscle cells of detrusor have the same degree. Intuitively 
speaking, cooperation at the same grade in voiding phase 
between the EUS and the bladder is reasonable for a health 
urinary system. But for the relaxation phase, the average 
number of significant eigenmodes is larger than in initial phase. 
The activities happening in relaxation phase are more 
complicated. Observing the duration: window index: 80~115, 
although the activity degrees are different between the EUS 
and detrusor, the EUS is adapted with the bladder to recovery 
its initial state. On the aspect of initial phase, the EUS this time 
is in low-level activity, corresponding the bladder filling. Our 
test indicates the degree is extremely low, which is reasonably 
reflecting the fact. But for the CMG, the degree of the urine 
storage activity of the bladder is rather high. As the experience 
of human beings, one cannot be conscious of the amount and 
the filling of urine unless we have a desire to voiding. 
Therefore, the adaptation with the urine amount exhibits more 
complicated dynamics. The original purpose of performing 
Wold’s decomposition is to extract the deterministic 
components of the time series. The overall degree in voiding 
phase exhibited from singular part is comparable to the ratio 
threshold test in Fig. 1c but in the other phases, they are not 
consistent. Since the evidence is weak, we cannot comment 
more on this aspect. But for the covariance function of the 
EUS EMG, the overall degrees of its three phases are highly 
correlated with the ratio threshold test in Fig. 1c. This 
phenomenon aspires us the covariance function is a good 
auxiliary tool to inspect the dynamical behavior of the time 
series. But for the CMG signal in this case, unfortunately, the 
covariance function does not work as well as it does in EUS 
EMG.  
For a non-voiding SCI rat, as shown in Fig. 2, the results 
of the stringent ratio threshold test for CMG are monotonous, 
which signifies no apparent changes in its detailed dynamical 
behavior except the rising and falling of the bladder pressure. 
But for the EUS, the rising pressure in bladder is sensed by its 
sensory nerve and due to the impairments of spinal cord, the 
EUS cannot organize systematically to coordinate with 
detrusor to perform the voiding procedure. As the pressure of 
the bladder gets falling, the EUS can also sense this change 
and reacts with quieting down. All of these facts can be seen 
from the ratio threshold test in Fig. 2c, d. The results of the 
next voiding SCI rat are shown in Fig. 3. In Fig. 3c, there are 
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more activities presented from the ratio threshold test of CMG. 
Instead of apparent drops in voiding phase, more complex 
dynamical behaviors are observed. For pathological voiding 
contractions, the degree of the voiding behavior due to the 
local reflex is higher. But for the relaxation phase, the degree 
of the EUS EMG is decreasing together with the bladder. The 
next pathological voiding SCI rat shows irregular degrees of 
CMG in the whole micturition. Disordered behaviors in 
voiding and relaxation phase can be concluded for its EUS 
dynamics. 
Conclusion 
Our investigation has revealed the differences in the 
eigenmodes of detrusor-sphincter synergia and dyssynergia via 
the KLE operations on EMG and CMG. The synergia of 
voiding has a low number of eigenmodes and more synergic 
activities for both EUS and detrusor. The dyssynergia can be 
considered as a loss of coordination from the spinal reflex. 
Although the bursting activity of EUS is still present for the 
SCI rats during micturition, the dynamics is in disorder and 
dyssynergic. The KLE with ratio threshold test and with error 
threshold test performing on the original time series and 
covariance function have provided useful tools to give us 
quantitative information about the micturition reflex. It is 
understood that the KLE method may not be enough to analyze 
all the details for all different cases. However, it is believed 
that by assorting with other techniques, KLE will definitely be 
helpful to our understanding of the voiding mechanism during 
micturition. 
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